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Nonlinear Flutter of Composite Panels Under Yawed
Supersonic Flow Using Finite Elements

K. Abdel-Motaglay,¤ R. Chen,† and C. Mei‡

Old Dominion University, Norfolk, Virginia 23529-0247

A � nite element formulation is presented for the effects of arbitrary � ow direction on the large-amplitude
supersonic � utter of composite panels. The von Kármán large-de� ection plate theory is used to account for large-
amplitude limit-cycleoscillations,quasisteady� rst-order piston theory aerodynamics is employed for aerodynamic
loading,and � rst-order shear deformation theory is used for laminatedcomposite panels. An ef� cient solution pro-
cedure is presented by using the modal transformation to reduce the number of nonlinear panel � utter equations
and then applying the linearized updated mode with nonlinear time function approximation to the reduced non-
linear panel � utter modal equations. A modal participation is de� ned and the minimum number of linear modes
for accurate and converged limit-cycle response can be ensured. Examples are given for isotropic and composite
panels at yawed supersonic � ow.

Nomenclature
[A]; [B]; = extension, coupling, bending, and shear
[D]; [As] laminate stiffness matrices
[Ax ]; [Ay ] = aerodynamic in� uence matrices
a; b = panel dimensions
[G] = aerodynamicdamping matrix
ga = aerodynamicdamping
h = panel thickness
[K ] = system linear stiffness matrix
[K 1] = � rst-order nonlinear system stiffness matrix
[K 2] = second-ordernonlinear system stiffness matrix
[M ] = system mass matrix
M1 = freestream Mach number
fqg = modal coordinate vector
qa = dynamic pressure
u; v = in-plane displacements
V1 = freestream air velocity
w = panel de� ection
f"og = in-plane strain vector
f·g = curvature vector
3 = � ow yaw angle
¸ = nondimensionaldynamic pressure
½ = plate mass density
½a = air mass density
Ãx ; Ãy = rotations of the normal about x and y axes
!o = reference frequency

I. Introduction

T HE effects of � ow yawing on the critical � utter dynamic
pressure on isotropic and orthotropic rectangular panels at

supersonicspeeds were investigatedduring the late sixties and early
seventies.Kordes and Noll1 and Bohon2 studied analyticallythe in-
� uence of arbitrary � ow angles on isotropic and orthotropic rectan-
gular panels with classical simply supported boundary conditions.
Durvasula3;4 used the Rayleigh–Ritz method and 16-term beam
functionsto study the � ow yawingand plate obliquityeffectsof sim-
ply supported and clamped rectangular isotropic panels. Kariappa
et al.5 and Sander et al.6 used the � nite element method (FEM) to
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study the effects of � ow yawing of isotropic parallelogram panels.
Shyprykevich and Sawyer7 and Sawyer8 have shown experimen-
tally and theoreticallythat criticaldynamicpressureis dependenton
� ow angle and � exible supports.They found that orthotropicpanels
mountedon � exible supportsexperiencedlarge reductionsin critical
� utter dynamic pressure for only small changes in � ow angle. An
excellent review of the FEM applied to linear models of supersonic
aeroelasticstabilityof plates and shells is given by Bismarck-Nasr.9

Linear structure theory can predict the critical � utter dynamic
pressure and the frequency of vibration. When the panel amplitude
of vibration gets large, the effect of in-plane stretching on panel
behaviorbecomes signi� cant. These in-plane forces tend to restrain
panel motion so that bounded limit-cycle oscillations (LCOs) are
observed. The amplitude of the LCOs grows as the dynamic pres-
sure increases.The existence of LCOs implies that large-de� ection
nonlinear structural theory should be used. Use of the nonlinear
structural theory will yield panel de� ection and stresses and thus
panel fatigue life can be estimated.10 ;11 An excellentsurvey on non-
linear panel � utter through 1970 is given by Dowell.12 Gray and
Mei13 give a survey of various theoretical considerations and ana-
lytical methods for nonlinear panel � utter up to 1991. Various an-
alytical approaches, including the FEM for nonlinear panel � utter
at supersonic speeds, have been reviewed by Zhou et al.14 An ex-
haustive search of the literature reveals that few investigations on
nonlinear panel � utter have considered the effects of � ow yawing.
Friedmann and Hanin15 used � rst-orderpiston theory aerodynamics
and Galerkin’s methodin the spatialdomain; they then solved the re-
duced couplednonlinearordinary differentialmodal equationswith
numerical integration.Using a 4 £ 2 mode model—four natural (in
vacuo) modes in the x direction and two modes in the y direction—
they obtained LCOs for simply supported isotropic and orthotropic
rectangular panels. Chandiramani et al.16 used third-order piston
theory aerodynamics and Galerkin’s method in the spatial domain.
They solved the reduced coupled nonlinear ordinary differential
modal equationsusinga predictorand a Newton–Raphson-typecor-
rector technique for limit-cycle periodic solutions.They employed
direct numerical integration for nonperiodic and chaotic solutions
and used a 2 £ 2 mode model—two natural modes in the x and
y directions—for simply supported rectangular laminated panels.
However, with the development of high-speed � ight vehicles, such
as the High-Speed Civil Transport, the X-33 Advanced Technology
Demonstrator,theReusableLaunchVehicle, the JointStrikeFighter,
and the X-38 Technology Demonstrator using a lifting-body con-
cept, currently under way, the capability for analyzing nonlinear
panel � utter of compositepanels at arbitraryyawed supersonic� ow
is needed urgently.

This paper presents a � nite element formulation and an ef� -
cient solution procedure for analysis of supersonic nonlinear � utter
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of composite panels with arbitrary � ow direction. First, the � -
nite element nonlinear panel � utter equations are formulated in
the structural-node degrees of freedom (DOF). Then, the number
of equations is reduced using a modal transformation. The mini-
mum number of linear natural modes needed for an accurate and
converged LCO � utter response can be ensured from the modal
participation values. The reduced nonlinear modal equations are
solved using the linearizedupdated mode with nonlinear time func-
tion (LUM/NTF)11;13 approximationwith an ef� cient real and com-
plex eigensolver.17;18 The solution procedure is ef� cient and has a
great advantage in computation time. Examples of isotropic and
composite panels at yawed supersonic � ow are given.

II. Finite Element Formulation
A. Equations in Structure-Node DOF

The in-plane strains, curvatures, and shear strains based on von
Kármán large de� ection and � rst-order shear deformation theory
for laminated composite plates are given by
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where the subscriptsm and b denotemembrane (in-plane) and bend-
ing components, respectively.The constitutive relations for a com-
posite laminate expressed in stress resultants are

»
N

M

¼
D

µ
A B

B D

¶ »
"o

·

¼
; fRg D [As ]f°g .2/

Quasisteady � rst-orderpiston theory aerodynamicsis employed for
the aerodynamicpressure. Although this theory neglects the effects
of three-dimensional and � ow memory, it gives a very satisfactory
approximationfor high supersonicMach numbers (M1 > 1:6). The
aerodynamic pressure is given by
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1 ¡ 1/, and 3 is the � ow yaw an-
gle with the x axis. Using Hamilton’s principle and � nite element
expressions, we can express the element equations of motion for
nonlinear panel � utter at an arbitrary � ow yawing angle as
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where !o D .D110=½ha4/1=2 is a reference frequency,®s is the shear
correction factor, and D110 is the � rst entry in laminate bending
rigidity [D]. The subscripts B; s; Nm, and Nb denote that the
corresponding stiffness matrix is due to the laminate extension
bending stiffness [B], transverse shear deformation, and membrane
force components fNm g.D[A]f"o

mg/ and fNbg.D[B]f·g/, respec-
tively; subscripts x and y denote that the corresponding aerody-
namic in� uence matrix is due to the w;x and w;y terms, respectively,

in Eq. (3). The nondimensionaldynamic pressure ¸ and the aerody-
namic damping ga are given by

¸ D 2qaa3

¯D110
; ga D

p
¸Ca .5/

where Ca D ¹.M 2
1 ¡ 2/2=¯.M2

1 ¡ 1/2 and ¹ D ½aa=½h. For
M1 À 1; Ca ¼ ¹=M1 .

Assembling the element matrices and considering the kinematic
boundaryconditions,we canwrite the systemequationsin structure-
node DOF as
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where [Ax ] and [A y] are the aerodynamic in� uence matrices and
[K 1] and [K 2] depend linearly and quadratically on the unknown
displacements fW g.

By neglectingthe in-planeinertia term in Eq. (6), the in-planedis-
placements can be expressed in terms of the bending displacement
as

fWm g D ¡[K ]¡1
m

¡
[K B ]T C [K 1]mb

¢
fWbg .7/

and the system equations (6) are expressed in terms of the bending
displacement fWbg as
¡
1
¯
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.8/
where the linear and nonlinear stiffness matrices are given by

[KL ] D ¸.[Ax ] cos3 C [Ay ] sin 3/ C [K ]b

C [Ks] ¡ [K B ][K ]¡1
m [K B ]T (9)

[K N L] D ¡[K B][K ]¡1
m [K 1]mb C [K 1B ] C [K 1Nm ] C [K 1Nb]

C [K 2] ¡ [K 1]bm[Km ]¡1
¡
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Equation (8) can be solved for nonlinear � utter response in the fre-
quency domain using the LUM/NTF approximation.11;13 However,
use of the LUM/NTF approach to the system equations in the form
presented in Eq. (8) has two disadvantages:1) The element nonlin-
ear stiffness matrices have to be evaluated and the system nonlinear
stiffness [K N L ] must be assembled and updated at each iteration,
and 2) the number of structure-node DOF of fWbg is usually very
large. This turned out to be computationallycostly.

An ef� cient solution procedure, presented here for the � rst time,
is to transferEq. (8) into the modal coordinateswith a modal trunca-
tion. Based on the values of modal participation, the number of the
nonlinear panel � utter modal equations is kept at a minimum. The
LUM/NTF method then is applied to the reduced modal equations.
The solution procedure is described in the following section.

B. Equations in Modal Coordinates
Assuming that the panel de� ection can be expressed as a linear

combination of some known functions as

fWbg D
nX

r D 1

qr .t/fÁr g D [8]fqg .11/
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where the number of retained linear (in vacuo) modes, n, is much
smaller than the number of structurebending-nodeDOF in bending,
fWbg. The normal mode fÁr g, which is normalized with the maxi-
mum component to unity, and the linear natural frequency !r are
obtained from the linear vibration of the system:
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Because matrices [K 1]mb; [K 1B ]; [K 1Nb], and [K 2] are all func-
tions of the unknown bending DOF fWbg, they can be expressed
as the sum of products of modal coordinates and nonlinear modal
stiffness matrices as
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where the superindices of those nonlinear modal stiffness matrices
denote that they are assembledfrom thecorrespondingelementnon-
linear stiffnessmatrices. Those element nonlinearstiffnessmatrices
are evaluated with the corresponding element components fwg.r/

b
obtained from the known system linear mode fÁr g. Therefore, those
nonlinear modal stiffness matrices are constant matrices. The � rst-
order nonlinear stiffness matrix [K 1Nm ] is a linear function of the
in-planedisplacementfWmg, and from Eq. (7), fWm g consists of two
terms:
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where the two in-plane modes corresponding to the r th bending
mode fÁr g are given as

fÁr gm D [K ]¡1
m [K B]T fÁr g

fÁr sgm D [K ]¡1
m [K 1].r/

mbfÁsg (15)

Thus, the nonlinearstiffnessmatrix [K 1Nm ] can be expressedas the
sum of two nonlinear modal stiffness matrices:
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The nonlinear modal stiffness matrices [K 1Nm ].r/ and [K 2Nm ].rs/

are assembled and valuated with known in-plane modes fÁr gm and
fÁrs gm , respectively;they are also constantmatrices. Equation (8) is
transformedto the following reducednonlinearsystem in the modal
coordinates:
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where the modal matrices are given by
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and the quadratic and cubic terms in modal coordinatesare
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All of the submatrices of Eq. (17) are de� ned in Eqs. (8–10), (13),
and (16).

C. Solution Procedure
Now, the LUM/NTF approximation is used on the reduced non-

linear modal equation (17). The advantagesare as follows: 1) There
is no need to assemble and update the nonlinear stiffness matrices
at each iteration because all nonlinear modal matrices are constant,
and 2) the number of modal equations is much smaller. Also, the
few in� uential modes to be kept can be determined by the modal
participationvalue, which is de� ned as

Participation of the r th mode D maxjqr jPn
s D 1jqs j

.21/

In addition, a power iterative nonlinear eigensolver, which can ef-
� ciently and accurately solve nonsymmetric equations to obtain
real or complex eigenvalues and eigenvectors, introduced by Xue
et al.,17;18 can be employed to further reduce computational time.
Application of the LUM/NTF approach to � nite element nonlin-
ear supersonic and hypersonic panel � utter has been documented
widely; readers are referred to Refs. 10, 11, 13, 17, and 18. The so-
lution procedure follows:
Given Wmax,

1) Assume fqg D fqogeÄt D fqge.®Ci!/t .
2) For a given ¸, solve the linearized eigenequation for the j th

iteration:

· j [ NMb ]fqog j D .[ NK L] C [ NK N L ]/fqog j

where

· D ¡.Ä=!o/2 ¡ ga.Ä=!o/

and

[ NKN L ] D
p

2
2

[Kq.fqog j ¡ 1/] C 3
4
[Kqq .fqog j ¡ 1/]

[Kq ] and [Kqq ] are de� ned in Eqs. (19) and (20), and fqog j is the
updated modal solution.

3) Get fWbg from fqg j using fWbg D [8]fqog j and � nd Wmax j .
Then adjust fqog j to result in the required Wmax:

fqog j D fqog j
.Wmax/given

Wmax j

4) Test for convergenceof fqog; if no convergence,go to step 2.
5) Check for coalescence.If no coalescence,¸ D ¸ C 1¸, then go

to step 2.

III. Examples and Discussion
The nonlinear panel � utter equations developed in Eqs. (6) and

(17) are general in the sense that they are applicable for either
rectangular13 or triangular11 � nite elements. The element employed
in the examples is the three node triangular Mindlin (MIN3) plate
element with improved transverse shear. The mass and linear stiff-
ness matrices of the MIN3 element were developed by Tessler and
Hughes,19 and the shear correction factor is de� ned as

®s D 1

¿³
1 C 0:5

X

i D 4;9

ksi i

¿ X

i D 4;9

kbii

´

The nonlinear stiffness matrices for the MIN3 element were devel-
opedby Chen and are given in detail in Ref. 20. The element aerody-
namic matrices are given in the Appendix. The MIN3 element has
15 DOF, 5 at each apex node; the bending-node DOF, fwbg, com-
prise transversedisplacementsand normal rotationsw; Ãx ; and Ãy ;
and the in-plane–node DOF, fwmg, comprise u and v. Validation

Table 1 Modal participation values at various limit-cycle amplitudes
for a simply supported square isotropic panel at 0-deg � ow angle

Modal participation, %

wmax=h q11 q21 q31 q41 q51 q61

0.01 32.83 39.27 23.89 3.87 0.09 0.05
0.4 34.77 38.39 22.85 3.82 0.133 0.04
0.8 37.59 37.20 21.19 3.76 0.25 0.01
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Table 2 Modal participation values at various limit-cycle amplitudes for a simply supported square isotropic panel at 45-deg � ow angle

Modal participation, %

wmax=h q11 q21 q12 q22 q31 q13 q32 q23 q41 q14 q33 q42 q24 q43 q34 q44

0.01 22.10 21.66 16.67 14.62 8.44 7.14 2.06 0.84 1.29 2.16 0.73 0.58 0.81 0.20 0.61 0.09
0.4 22.53 21.65 16.69 14.05 8.47 7.25 1.86 0.77 1.38 2.35 0.62 0.59 0.83 0.19 0.66 0.10
0.8 24.34 21.32 16.78 12.29 8.42 7.50 1.32 0.58 1.63 2.90 0.39 0.60 0.86 0.18 0.77 0.12

Fig. 1 Comparison of limit-cycle amplitude for a simply supported
square isotropic panel.

Fig. 2 Comparison of limit-cycle amplitude for a simply supported
[0/45/¡¡ 45/90]s graphite/epoxy panel.

of the present FEM and the ef� cient solution procedure for limit-
cycle results with other computations is given � rst. Then, effects of
� ow direction on nonlinear � utter are demonstratedby examples of
rectangular isotropic and composite panels with yawed supersonic
� ow.

A. Validation
To validate the present � nite element modal formulation, the

limit-cycle results for square isotropic and composite panels are
obtained and compared with other computations.

The LCO response for a simply supported square isotropic panel
at 3 D 0 deg using a 10 £ 10 mesh and a six-mode model is shown
in Fig. 1. Limit-cycle results obtained by Dowell12 using a six-
mode model with Galerkin’s method and numerical integration,and
by Xue11 using the � nite element frequency-domainapproach and
48 discrete Kirchoff triangular elements (8 £ 3 £ 2 mesh for half-
plate model), also are shown in Fig. 1 for comparison. The present
formulation is in good agreement with these two methods.

Table 3 Nondimensional dynamic pressure at
various limit-cycle amplitudes for a simply

supported square isotropic panel using different
numbers of modes at 0- and 45-deg � ow angles

Dynamic pressure ¸ at
wmax=h

Flow No. of
angle 3 modes, n 0.01 0.4 0.8

0 2 393 419 475
4 518 558 669
6 518 558 669

45 5 522 561 660
10 549 592 718
15 559 603 739
20 560 604 742
25 559 603 740

For validationof the MIN3 element and the present � nite element
formulation for composite panels, the limit-cycle results of a sim-
ply supported eight-layered [0/45/¡45/90]s graphite/epoxy square
30:5 £ 30:5 £ 0:127 cm (12 £ 12 £ 0:050 in.) panel obtained by
Zhou et al.21 are compared with those obtained using the present
formulation.The C1 conforming rectangularplate bending element
and the � nite element time-domain modal formulation were em-
ployed in Ref. 21. The complete plate is modeledwith 10£10 mesh
or 200 MIN3 elements and a 16-mode model. The LCO response
at 3 D 0 deg, shown in Fig. 2, clearly demonstrates the accuracy of
the MIN3 element and the present � nite element formulation.

B. Isotropic Panels
A simply supported square isotropic panel with immovable in-

planeedges (u D v D 0) at � ow angles 3 D 0 and 45 deg is studied in
detail for modal convergence.The panel is modeled using a 10 £ 10
mesh or 200 MIN3 elements. The number of structure DOF fW gb

is of 279 for the system equations(8), and it is reduced to the modal
coordinatesto include the selectedn modes.The modal participation
values for three limit-cycle amplitudes wmax=h D 0.01, 0.4, and 0.8
at 3 D 0 and 45 deg are shown in Tables 1 and 2, respectively.The
modal participation values indicate that a 4-mode and a 10-mode
model would yield accurate and convergent limit-cycle results for
3 D 0 and 45 deg, respectively. The modal convergence is further
veri� ed and con� rmed by the convergence of the nondimensional
dynamic pressure vs the number of modes in increasing frequency
used in model reduction, as shown in Table 3.

Convergence of the LCO response using various � nite element
mesh sizes also is studied. Three mesh sizes of 8 £ 8 (128 ele-
ments), 10 £ 10 (200 elements), and 12 £ 12 (288 elements) are
used to model the simply supported square isotropic panel. Limit-
cycle amplitude vs nondimensional dynamic pressure for the three
mesh sizes at 3 D 0 and 45 deg are shown in Fig. 3. The maxi-
mum difference of the nondimensional dynamic pressure between
the 8 £ 8 and 12 £ 12 models in Fig. 3 is less than 4%. Therefore, a
10 £ 10 � nite element mesh is used for the limit-cycle results in all
of the examples presented.

The limit-cycle de� ection for the simply supported square
isotropic panel at amplitude of wmax=h D 0:6 for � ow angles of
3 D 0 and 45 deg is shown in Figs. 4a and 4b, respectively. In both
cases it is seen that the leading contour lines of the panel de� ection
are perpendicular to the � ow direction and it is clear how the � ow
angle greatly changes the de� ection shape.

The limit-cycle amplitude vs nondimensional dynamic pressure
for 3 D 0, 15, 30, and 45 deg is given in Fig. 5. It is seen that increas-
ing the � ow angle has the effect of increasing the nondimensional
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dynamic pressure at a � xed limit-cycle amplitude for this square
isotropic panel. Figure 6 shows the effect of aspect ratio .a=b/
on the nondimensional dynamic pressure at 3 D 0 and 45 deg. It
is seen that, increasing the � ow angle for isotropic panels with
.a=b/ < 1, the nondimensional pressure decreases at � xed limit-
cycle amplitude.

C. Composite Panels
Flutter of (symmetric or antisymmetric) composite panels can be

studied using the formulation and solution procedurepresented.As
an example, a simply supported rectangular graphite/epoxy panel
of three layers [¡40/40/¡40] is investigated. The dimensions and
material properties of the panel are as follows:

a D 15 in: .38:1 cm/; b D 12 in: .30:5 cm/

h D 0:048 in: .0:122 cm/; E1 D 22:5 Msi .155 GPa/

E2 D 1:17 Msi .8:07 GPa/; G12 D 0:66Msi .4:55 GPa/

G23 D 0:44 Msi .3:03 GPa/; º12 D 0:22

½ D 0:1458 £ 10¡3 lb-s2/in:4.1550kg/m3/

Fig. 3 Mesh convergence for isotropic square panel at different � ow
angles.

a) K = 0 deg

b) K = 45 deg
Fig. 4 Limit-cycle de� ection for isotropic square simply supported panel at wmax /h = 0:6.

Fig. 5 Effect of � ow yaw angle on nonlinear panel � utter for simply
supported isotropic square panel.

Fig. 6 Effect of panel aspect ratio on nonlinearpanel � utter for simply
supported isotropic square panel.
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Fig. 7 Effect of � ow yaw angle on nonlinear panel � utter for simply
supported graphite/epoxy rectangular panel.

a) K = 0 deg

b) K = 45 deg

c) K = 90 deg

Fig. 8 Limit-cycle de� ection for graphite/epoxy rectangular simply supported panel at wmax /h = 0:6.

The complete plate is modeled using 10 £ 10 mesh (200 MIN3
elements). The system equationsin structure-nodeDOF are reduced
to the modal coordinates using the lowest 16 modes in increasing-
frequencyorder.The modalparticipationvaluesfor three limit-cycle
amplitudeswmax=h D 0:01,0.4, and 0.8 at 3 D 0; 45, and 90 deg are
shown in Tables 4, 5, and 6, respectively.These tables indicate that
a 10-mode model would yield accurate and convergent limit-cycle
results for all � ow yaw angles. The modal convergence is further
veri� ed and con� rmed by comparing the nondimensionaldynamic
pressure for different limit-cycle amplitudes using a 10-mode and a
16-mode model, as shown in Table 7.

The limit-cycle amplitude vs the nondimensionaldynamic pres-
sure for � ow yaw angles of 3 D 0, 45, and 90 deg is shown in Fig. 7
for the rectangular composite panel. It is seen how the nondimen-
sional dynamic pressure at 45-deg yaw angle is less than that of
0 and 90 deg at the same limit-cycle amplitude. The laminate con-
sidered is a goodexampleto demonstratethe importanceof the effect
of the � ow yaw angle on the nonlinear panel � utter. Figure 8 shows
the panel limit-cycle de� ection shape for 3 D 0, 45, and 90 deg.
Unlike the isotropic case, the panel de� ection for 3 D 0 and 90 deg
is not symmetric about x or y axes, nor are the leading contour lines
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Table 4 Modal participation values at various limit-cycle amplitudes for a simply supported rectangular graphite/epoxy panel at 0-deg
� ow angle

Modal participation, %

wmax=h q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14 q15 q16

0.01 25.12 37.26 4.95 14.98 4.88 4.41 1.36 1.60 1.34 1.31 0.69 0.16 0.29 1.10 0.56 0.01
0.4 24.99 35.37 5.86 14.49 4.87 4.70 1.68 1.54 1.65 1.50 0.68 0.37 0.34 1.26 0.60 0.11
0.8 23.52 31.85 8.07 13.65 4.98 5.18 2.56 1.41 2.17 1.90 0.67 0.76 0.50 1.72 0.70 0.36

Table 5 Modal participation values at various limit-cycle amplitudes for a simply supported rectangular graphite/epoxy panel at 45-deg
� ow angle

Modal participation, %

wmax=h q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14 q15 q16

0.01 28.10 40.88 2.87 16.48 1.33 4.62 1.62 0.18 1.25 1.05 0.03 0.28 0.26 0.96 0.04 0.03
0.4 28.00 39.30 2.92 16.20 1.49 4.94 1.79 0.21 1.61 1.34 0.05 0.53 0.30 1.23 0.01 0.07
0.8 26.71 36.36 3.00 16.02 1.83 5.56 2.13 0.26 2.30 1.98 0.07 1.05 0.42 1.92 0.05 0.35

Table 6 Modal participation values at various limit-cycle amplitudes for a simply supported rectangular graphite/epoxy panel at 90-deg
� ow angle

Modal participation, %

wmax=h q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 q11 q12 q13 q14 q15 q16

0.01 24.03 35.15 8.57 13.48 5.86 3.45 3.03 1.54 0.61 1.26 0.63 0.18 0.79 0.98 0.33 0.09
0.4 24.56 32.85 9.60 12.68 5.96 3.58 3.42 1.53 0.84 1.49 0.64 0.38 0.92 1.15 0.39 0.01
0.8 22.50 29.37 11.44 12.05 6.38 3.98 4.48 1.53 1.28 1.97 0.67 0.80 1.20 1.59 0.57 0.19

Table 7 Nondimensional dynamic pressure at various limit-cycle
amplitudes for a simply supported rectangular graphite/epoxy panel

using 16 and 10 linear modes at K = 0, 45, and 90-deg

Dynamic pressure ¸ at wmax=h

Flow Using 16 linear modes Using 10 linear modes
angle
3 0.01 0.4 0.8 0.01 0.4 0.8

0 382 448 648 379 443 641
45 257 307 468 257 305 465
90 329 386 564 329 384 559

of the panel de� ection perpendicular to the � ow direction because
this composite panel is not symmetric about the x or y axes.

IV. Conclusions
A � nite element frequency-domain formulation is presented for

the analysisof nonlinear � utter of compositepanelsat arbitrary� ow
yaw angle. The governing equations of motion are formulated by
using the von Kármán large de� ection, � rst-order transverse shear
plate theories, and linear piston theory aerodynamics for arbitrary
� ow direction. A new and ef� cient solution procedure is presented
by using the modal transformationto reduce the system equations in
structure-nodeDOF to a set of a much smaller number of equations
in the modal coordinates.The LUM/LTF approximate method then
is used to solve the reducednonlinearmodal equations.The solution
procedurehas the advantageof usingmuch less computationaleffort
than solving the system equations of motion in the structure-node
DOF. The effect of the � ow yaw angle is studied for isotropic and
compositepanels.Results show that the � ow yaw angle changes the
shape of the limit-cyclede� ection completely. It also shows that the
effect of the yaw angle is a very important parameter, especially for
compositepanels,where the � ow directionmay increaseor decrease
thenondimensionaldynamicpressureat � xed limit-cycleamplitude,
depending on the panel lamination.

Appendix: Aerodynamic Matrices
The element DOF for the MIN3 elements are

fwegT D fwb; wmgT D fw; Ã; wmgT

D fw1;w2; w3;Ãx1; Ãx2;Ãx3;Ãy1; Ãy2;Ãy3;u1;u2; u3; v1; v2; v3g
(A1)

The interpolation functions are given by19 ;20

w.x; y; t/ D bHw cfwbg C bHwÃ cfÃg

Ãx .x; y; t/ D bHÃ x cfÃg; Ãy.x; y; t/ D bHÃ ycfÃg

u.x; y; t/ D bHucfwm g; v.x; y; t/ D bHvcfwm g (A2)

Element aerodynamic damping and mass matrices are given by

[m]w D [g]w D
Z

A

fHwg
D110

a4
bHwc dA

[m]wÃ D [g]wÃ D [g]T
Ãw D

Z

A

fHwg
D110

a4
bHwÃ c dA

[m]Ã D [g]Ã D
Z

A

fHwÃ g
D110

a4
bHwÃ c dA

[g] D [m]b D
"

[g]w [g]wÃ

[g]Ãw [g]Ã

#
(A3)

Element aerodynamic in� uence matrices are

.[ax ]w; [ay]w / D
Z

A

D110

a3
fHwg

³
@

@x
bHw c;

@

@y
bHwc

´
dA

.[ax ]wÃ ; [ay]wÃ / D
Z

A

D110

a3
fHwg

³
@

@x
bHwÃ c;

@

@y
bHwÃ c

´
dA

.[ax ]Ã ; [ay]Ã / D
Z

A

D110

a3
fHwÃ g

³
@

@x
bHwÃ c;

@

@y
bHwÃ c

´
dA

.[ax ]; [ay]/ D
Á µ

[ax ]w [ax ]wÃ

[ax ]Ãw [ax ]Ã

¶
;

µ
[ay ]w [ay ]wÃ

[ay ]Ãw [ay]Ã

¶ !
(A4)
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